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Quadratics



CHAPTER |

Roots of quadratic
equations

Learning objectives

After studying this chapter, you should

B know the relationships between the sum and product of the roots of a quadratic equation and
the cocfficients of the equation

B be able to manipulate expressions involving o + 8 and «f

B be able to form equations with roots related to a given quadratic equation.

APPROVED
In this chapter you will be looking at quadratic equa B}" Ib Elite Tutor at 11:02 pm, Jul 11, 201?{_

particular emphasis on the properties of their solutions or roofs.

1.1 The relationships between the
roots and coefficients of a
quadratic equation

As you have already seen in the C1 module, any quadratic
equation will have two roots {cven thougt
repeated T

me may be a
- the roots may not even be real). In this section
you will be considering some further properties of these two

ToolLs.

Suppose you know that the two solutions of a quadratic
equation are x = 2 and x 5 and you want to find a quadratic
cquation having 2 and —35 as its roots.

The method consists of working backwards, ie. following the
steps for solving a quadratic equation but in reverse order.

Now ifx =2 and x 3 are the solutions then the equation
could have been factorised as Actually, any mutiple of this
r—2Zlx+ 51 =0, equation will also have the same
ZN b ’ roots, e
Expanding the brackets gives '+ bx— =0
) @ +—30=0
o+ I —10=0. ' 1
A tx—5=0

This is a quadratic equation with roots 2 and —5.



2 Aoo of quodratic equations

The general case

Consider the most general quadratic equation ac + br +c =0
and suppose that the two solutions are x = a and x = 3.

Now if « and IB are the roots of the equation then you can ‘work
backwards’ to generate the original equation.

A quadratic with the two solutions x = o and x = 8 is
x—a)ix—B)=0.
Expanding the brackets gives
P-ox—fr+af=0
= S—(a+Bx+af=0 [1]

The most general quadratic equation is ax® + bx + ¢ = 0 and this
can easily be written in the same form as equation [1].

You can divide ax® + bx + ¢ = 0 throughout by a giving
2+Z+f=0 @
a a

The coefficients of 2 in [1] and in [2] are now both equal to 1.

Since [1] and [2] have the same roots, ¢ and 8, and are in the
same form, you can write

f—gu+ﬁp+nﬂ=f+§x+£

Equating cocffidents of x gives

h b
- 4 -— o+ -——
(o + B) 3 = B s

Equating constant terms gives

r
af =—
B a

When the quadratic equation ax® + fx + ¢ = 0 has rools a@

&
- 'I'h:su.mal'l.htrunli_a+lﬂ=——;
a

s
® and the product of roots, aff = —
a

Notice it is fairly casy w express

b c
F+—=x+—=0as
a a

|
J:L['_x * — (sum of rootsjx + (product of roots) =0




Raots of quadratic eguations

Worked example 1.1
‘Write down the sum and the product of the roots for each of the
following equations:

(a) 22+ 12x-3=0, (b) x*—8&+5=0.
Solution
(a) 2+ 12x-3=0
Herca=2,b=12andc=-3. Take careful note of the signs.
] 12
The sum of roots, & + 5= g =i
€ =3
The product of roots, af = —= ki 13.
o F4

(b) *—8c+5=0
Herea=1,b=—8andc=15.
b —8 is—mhmm

The sum of roots, @ + §= —= o

£E_3
The product of roots, gff =—= 1 =5
a

Worked example 1.2

Find the sum and the product of the roots of each of the
following quadratic equations:

(a) 4x'+8xr=35, (b) xix—4)=6—2x

Solution
Neither equation is in the form ax® + by + ¢ = 0 and so the first
thing to do is to get them into this standard form.

(a) ﬂ-lx:*—&r=5 Mow in the form
= 4 +8—5=0 o +bhr+e=0.
In this casca=4, b=8 and c = —5.
The sum of roots, ¢ + 5= —£= —:;= =3
a
The product of roots, af = £33
L 2 a 4 4

(b) xix—4)=8—2x
Expand the brackets and take everything onto the LHS.
= -+ —6=0

= ¥-x—6=0 Mow in the standard form
Herea=1, b= =2 andc = —6.

b =2
The sum of roots, ¢ + §= —=——=12.

a 1
£ _—b
The product of roots, aff = —= T = —f.
a

3



4 Roors of quadratic equations

Worked example 1.3

Write down equations with integer coeffidents for which:
(@) sum of roots =4, product of roots = =7,
{b) sum of roots = —4,  product of roots = 15,

i

{c) sum of roots =

Solution

product of roots = —5.

(@) A quadratic equation can be written as
= (sum of roots Jx + (product of roots) =0

2= (x+(-T)=0
= N—dx-T7=0

(b} Using

x — (sum of rootsjx + {product of roots) =0

gives x— (—4x+(15)=0
= Prax+15=0
(€} Using
xl—tsumnlmots]x+1pmdm:lollmis|=0
gives o —(-ix+(-1)=0
= P+p—i=0
= 102+ 10{3)x — 10(3) =0
= 10x* + 6x — 5=10
EXERCISE 1A

1 Find the sum and product of the roots for each of the

following quadratic equations:

(a) +4x—9=0

(c) 28+ 1w —3=0
() 7+ 12x=5

(B} x(3—x)=5x—2
(i) a®+8a=(1—-2am

(b) 22 —3x—5=0
(d) 1+2x—32=0
(f) xix—2)=x+8&
(th) ad —ax—2a*=0
(i) ek e

x+3 2

2 Wirite down a quadratic equation with:

(&) sum of rots = 5,
(b} sum of roos =
(€} sum of roots = 4,

(d) sum of roots = —9,
(€) sum of roots =
(£} sum of rots =
(g) sum of roots =

I
|
'

(h) sum of roots = k,
(i) sum of roots =k + 2,

() sum of roots = —(2 — a?),

product of roots = 8,
product of roots = 3,
product of roots = —7,
product of roots = —4,
product of roots i
product of roots = 4,
product of roots = 0,

product of roots = 3k2,
product of roots = 6 — k2,

product of roots = (a + 7)%.

Again great care must be taken
with the sigrs.

Some of the coefficients are
fractions not integers. You can
eliminate the fractions by
multiplying throughout by
10 or (2 % 5).

You now have integer coefficients.
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1.2 Manipulating expressions involving
«and B

As you have seen in the last section, given a quadratic equation
with roots @ and & you can find the values of ¢ + § and of
without solving the equation.

As you will sce in this section, it is useful to be able to write
other expressions involving o and g in terms of o + 8 and af.

Worked example 1.4

Given that a + 3 =4 and o = 7, find the values of:

(a) -+ % (b) 2@
Solution

(@) You need to write this expression in terms of o + g and of
in order to use the values given in the question.

1.1 _p+a_o+p
Nmu+,ﬁ po _u,G
e
™ ag, T
(b} o = (opy

= oF=T'=49

Two relations which will prove very useful are

j_u-' o + B = (e + B)? — 2ap
| o+ @B = (a+ 8) - 3aBia+ 8)

These two results can be proved fairly casily:
la+BP=(a+pPfla+pl =latpfP=o+2af+
= ol + B = la+ Y - 2af

as required

fa+ @) =(a+ Bila+ G)ia+ B)
la+ ) = (a+ B’ + 2aB + )
la+ B =o'+ 2B + o + B + 205 + F
(o + @) =o' + 3P + Jaf® + B

L1 1B

a + 8= (a+ B) — 3aB(x + B) as required

Roots of quadratic equations 5

just o + Band af.

la+ B =o'+ B+ 3ufla + §) =—— Take Ja? as a factor.



ﬁ Roaots of quodratic equations

Worked example 1.5

Given that & + =5 and a8 = —2, find the values of:

(a) §+§. (b) &+ g, (© ﬁ*é.

Solution

(a) E+£=a€+31=[u+ﬁn3—zaﬂ Mow it is in tarms of & + 2 and
B a ap o ]

Substitute the known values of ¢ + # and 8
B_5-2(-2)_35+4 5

—_—t ==

B a -2 -2 2

(b) o'+ @' = (a+ B — Jafla+ B
= a3+ @ =5"—3-2)(5)=125+30=155

Az, F+a (et B)F-2a8
o fF oof {ap)?
1 _5-2-2)_ 35+4_129

1,6,
a @ {(—2) 4 4

Worked example 1.6

Given that @ + =5 and a8 = 3, find the value of (o — 8%

Solution
(a— B =o' —2aB+ F=o+F - 20p
=(m+ B) —2af — 2af = (a+ ) — daf
= (w—pr=5-4(i)=25-§=23

Worked example 1.7

i
Write the expression — + B in terms of & + B and af.
ﬁz

o

Solution
B_o'+ g  iat ) -3afla+f)

(i3
P o (aBr




EXERCISE IB _

1 Write cach of the following cxpressions in terms of o + 8 and

xf
@ 2+3 T
(<) :_ﬁ + % (d) o’p + Fo
() 2a—1H28-1) )y “—;5+%

2 Given that & + g = —3 and af = 9, find the values of:
(a) '3+ 3o, (b) % - 'E}

3 Given that @ + 8 =4 and aff = 10, find the values of:
(a) o + g (b) o + gt

4 Giventhata + 8 =7 and a8 = —2, find th:: values of:
() S+

5 The roots of the quadratic equation x* — 3x + 3 = 0 are o and .
(@) Write down the values of & + 8 and af.
(b} Hence find the values of:
s o @ . B
1) (x— 33— 3). o)==+ ==
) (=308 (i) 5+

& The roots of the equation x* — 4x + 3 = 0 are @ and B. Without
solving the equation, find the value of:

T a f
(a) i ) Z+—
(c) o+ g (d) o?p + a?
(e) (o — B2 ) ta+10B+1)

7 The roots of the quadratic equation x* + 4x + 1 =0 are o and 8.
(@) Find the values of: (i) o+ 8, (ii) apB.
{b) Hence find the value of:

(i) (a? — B1p - a) (ii)

1.3 Forming new equations with
related roots

It is often possible to find a quadratic equation whose roots are

related in some way to the roots of another given quadratic
cquation.
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B Aot of quedratic equations

Worked example 1.8
The roots of the equation 2x* — 5r — 6 = 0 are & and §.

1 1
Find a quadratic equation whose roots are — and —.
I

Solution
—-5x—6=0 "
= The sum of roots, a + § = ——
a

«
The product of roots, af = —=
a

You would be able o write down the mew’ equation with roots

1 1
— and 1_9 if you could find the sum and the product of the new
(43

o s.
1 1 a+p
The sum of new roots, —+—=
a @G g
e B
-3 6
1 1 1
The product of new roots, —x —=—
¢ B af
Ukl k
—3 ¥

Lls:irl.g,.ntJ — {sum of roots i + {product of roots) =0

1 1
the equation with roots — and — is
a

)
- +(-l]—u
@ 3
L
= J+-x—-—=0
3 Multiply through by é in order to
= obtain integer coefficients
+ —-2=
= ac+x-2=0 ahi -
The last example illustrates the basic method for forming new an examination question).
equations with roots that are related to the roots of a given

cquation:

| 1 Write down the sum of the roots, « + 3, and the product
2 of the roots, af, of the given equation.

2 Find the sum and product of the new roots in terms of
a+ and afs.

3 Write down the new equation using
x — {sum of new rootsx + {product of new roots) = 0.
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Worked example 1.9
The roots of the equation x* + 7x — 2 = 0 are & and 3.

Find the values of & + §° and o @

Hence, find a quadratic equation whose roots are o and .

Solution
From the equation »* + 7x — 2 = 0 you have
[ 7
The sum of roots, a + § = s T g
£ =3
The product of roots, aff = —= T =2
a

Now, of + @7 = (a + 81 — 2af
=(—TP-2(-2)=49 +4=53
and o = (afF = (—-2F=4.
Now since the roots of the new equation are o and &, of + §°

and o @* are the sum and product of the new roots.

The required equation is You could use any variable you
choose. For instance, you could

x* — (sum of new roots x + {product of new roots) =0
write y* — 33y +4=0.

= X—5x+4=0.

Worked example I.10

The roots of the quadratic equation x* + 5x — 3 = 0 are & and B

Find a quadratic equation whose roots are o and ,G’.

Solution
From the equation x* + 5x — 3 = 0 you have
[
The sum of roots, @ + = ——=
i
g, =%
The product of roots, aff = —= ke 3
a

The new equation has roots o and 3°.

The sum of new roots, o + @ = (o + g1 — Iafia + B)
=(—5" - 3{—3)(-5)
=—125—45=—170.

The product of new roots, o8 = (a@)? = (—3)* = —27.

Using »* — (sum of new roots v + | product of new roots) = 0

the required equation is

2+ 170 — 27 = 0.



10 Roots of quadratic equations

EXERCISE IC

1 The roots of the equation x* + 6x — 4 = 0 are & and B
Find a quadratic equation whose roots ane o and 3%

[

The roots of the equation x* + 3x — 5 =0 are & and §.

2 2
Find a quadratic equation whose roots are — and —.
o

o

The roots of the equation x* — %9 + 5 =0 are & and £.
Find a quadratic equation whose roots are @ + 2 and 8 + 2.

—

Given that the roots of the equation 26 + 5x — 3 =0 are
and B, find an equation with integer coefficients whose roots
are af’ and o’g.

W

Given that the roots of the equation 3 —ex+ 1 =0 are a
and B, find a quadratic equation with integer coefficients
whaose roots are o' and g

6 The roots of the equation 2v* + 4r — 1 =0 are & and 8.
Find a quadratic equation with integer coefficients whose

] o
roots are — and —.
i

B

7 The roots of the equation 32" — & — 2 =0 are & and £
(a) Find the value of of + 3.
(b} Find a quadratic equation whose roots are o + 1 and

B+

8 The roots of the equation 2x* + 7x + 3 =0 are & and §.
Without solving this equation,
(@) find the value of &’ + 8°.
(b} Hence, find a quadratic equation with integer

o
coefficients which has roois E and —.
a

9 Given that ¢ and @ are the roots of the equation
Sxt — 2x + 4 = 0, find a quadratic equation with integer
1
E.
10 The roots of the equation x* + 4y — 6 = 0 are ¢ and §. Find
an equation whose roots are o + §and §° + o

1
cocfficients which has roots — and

1.4 Further examples

Sometimes the questions may require you to apply similar
techniques to the previous section but without directing you o
find the sum and product of the roots.
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Worked example I.11

The roots of the equation x* — kx + 28 =0 arc  and @ + 3.

Find the two possible values of k.

Solution
From x* — kx + 28 = 0 you have

The sum of roots, [r+1a+3I=—T = 2a+i=k 1]

28
The product of roots, @la + 3) = 5= ol + 3o = 28 [2]

Equations [1] and [2] form a pair of simultaneous equations.

k=3
From [ 1] you have a = and substituting this into [2] gives

k— 3 gk — 3
i s S
2 2
K—-sk+9 3k
_—
4 2
= K-6ek+9+6k—18=112

= k=121

=+ the two possible values for k are 11 and —11.

1.5 New equations by means of a
substitution

Worked example 1.8 is reproduced below:

The roots of the equation 2 — 5x — & = 0 are o and 8.

1 |
Find a quadratic equation whose roots are — and —.

a B
Since the new equation has roots that are the reciprocals of the
original equation, the new equation can be found very quickly
1 1
by making the substitution y = — = x = —, which transforms
x ¥

L 1 5
t—Sx—6=0inko 5———6=0.
_1'— _1'

Multiplying throughout by »* gives Check the working in Worked
example .8 to see which is
2-5y—&r=0 or quicker.

et +5y—2=0.



I2 Roaots of quadratic equations

Worked example 1.12

The roots of the equation x* — 3x — 5 = 0 are a and 8. You could solve this question

Find quadratic equations with roots using the sum and product of
) C roots technique of the previous

{(a) «—3and g3, (b} of and g% ¥ o

Solution

{a) Usc the substitution y = x — 3 in x® — 3x — 5 = 0, since the
roots in the new equation are 3 less than those in the
original equation.

y=x—3 = x=y+3 sonew equation is
r+3P2-3(y+3)-5=0

N E B dat et bl :rm’::::?::n

The new equation is ¥ + 3y —5=0. or in terms of any other variable.
(b} This time you need to use the substitution y = x* in

x*—3x — 5 =0 to climinate x.

Hence, y—3x—5=0 or y—5=3x

Squaring both sides gives (¥ — 5)° = 9% = 9.

Hence, ¥ — 10y +25=% or »¥— 19 +25 =0.
Alternative solution

Using e + =3 and a8 = —5
(a) Sum of new roots is
fa—3+(f-3)=a+f-6=-3
Product of new roots is
la—3g—3)=af—3Ja—38+9
=g —Me+g)+9=-5
Hence new equation is @ + 3y —5=0.
(b) Sum of new roots is
o+ @B =(a+ B - 2af
=9+ 10=1%
Product of new roots is
o’ @ = (afy’ =25
Hence new equation is ¥ — 1% + 25 =0,
You should see that the answers are the same whichever method
you use. If the question directs you to use a particular
substitution, e.g. “Use the substitution y = »* to find a new
equation whose roots are o and ﬁ-‘ you must use the first
method. However, if the question is of the form “Use the
substitution y = x2, or otherwise, to find a new equation whose

roots are o and Iﬁl'_ or simply “Find an equation whose roots are
o and §* you may usc cither technigque.



Worked examination question [.13

The roots of the quadratic equation x* — 3x — 7 = 0 are & and §.

(a)
(b)

Write down the values of (i) « + 8, (ii) a8.
Find a quadratic equation with integer coefficienits whose

Toots are L] and E
el o

Solution

(a)

(b}

EXERCISE ID

1

From the equation x* — 3x — 7 = 0 you have

4 =3
The sum of roots, &+ f= ——= _T= 3.
a
& =T
The product of roots, af = e -7.
“

¥
The new equation has roots ,E and %

a 8 ot + @
B a ap
_a+ 3P - a8
_7‘13
_¥F--T)_9+14_ 23
=
The product of new roots, ® = E = -:’u'__B =1
B a af
Using »7 — {sum of new roats bx + {product of new roots) =0
the required equation is

1 43 +1=0
r { 7}K E

2y 2 +1=0
= x ?I -

The sum of new roots,

= TF+2+7=0

The roots of the equation x* + 9+ k = 0 are g and & + 1.
Find the value of k.

The roots of the quadratic equation 4¢? + kx — 5 = 0 arc a
and & — 3. Find the two possible values of the constant k.
The roots of the quadratic equation x* + 3x — 7 = 0 are & and
B. Find an equation with integer cocfficients which has roots
3 3
—and —.
a B

The roots of the quadratic equation 2¢? + 5x — 1 = 0 are o
and #. Find an equation with integer coefficients which has
moots o — 2 and g — 2.

Roots of quadratic equations

13



14 Aotz of quedratic equations

5 The roois of the quadratic equation x* — 2x — 3 = 0 are o and
. Find a quadratic equation which has roots &* + 1 and
1

6 The roots of the quadratic equation x* + 5y — 7 =0 are ¢ and £,
(a) Without solving the equation, find the values of
(i) o+ (i) o + B
(b} Determine an equation with integer coefficients which
I

h tﬁ il —, A
asronsﬂa.n L [A]

7 The roots of the quadratic equation 37 + 4c — 1 =0 are o
and B.
{a) Without solving the equation, find the values of
(i) o+ 8% (ii) a’8 + fla.
(b} Determine a quadratic equation with integer coefficients
which has roots o8 and 3o [A]

8 The roots of the quadratic equation x* + 2y + 3 = 0 are « and .
(@) Without solving the equation:
(i) write down the value of & + 8 and the value of a8,
(ii) show that o + 8" = 10,

1 1
(iii) find the value of = + —

B
(b} Determine a quadratic equation with integer coefficients
1 1
which has roots ? and F [A]

9 The roots of the quadratic equation x* — 3x + 1 =0 are ¢ and g.
(@) Without solving the equation:
(i) show thato?+ 82 =17,
{ii) find the value of o® + g7
(b} (i) Show that o + 8 = (o2 + #2)2 — 2(a@)L
(ii) Hence, find the value of o* + g%

(€) Determine a quadratic equation with integer coefficients
which has roots (o — 8) and (8 — a). [A]

10 The roots of the quadratic equation x* + 3r — 2 =0 are a and 2.
(a) Write down the values of & + @ and af.

(b} Without solving the equation, find the value of:

R | 1 i 3 3
W S+ i (- 55)(6 - )
{c) Determine a quadratic equation with integer coefficients

3 3
which has reots ¢ — — and 8 — —. A
F [ o [A]



Key point

i

¥

1 When the quadratic equation ax* + fx + ¢ = 0 has rootsa and B:

® The sum of the roots, o + 3= # and the product of roots, af

a
2 A quadratic equation can be expressed as x* — (sum of roots i + (product of roots) = 0.

3 Two usciul results are:
o + = (a+ 8P — 2af
a' + B = (a+ 8 —3afla+ B

4 The basic method for forming new equations with roots that are related to the roots of
a given equation is:
1 Write down the sum of the roots, @ + 8, and the product of the roots, &, of the given
equation.
2 Find the sum and product of the new roots in terms of & + § and af.
3 Write down the new equation using

x— {sum of new roots jx + {product of new roots} = 0

bz |

Test yourself What to review
1 Find the sums and products of the roots of the following Section I_1
equations:
(a) ¥ —ex+4=0, (b) 22 +x—-5=0.
2 Write down the equations, with integer coefficients, where: Section 1.3
(a) sum of roots = —4, product of roots = 7,
(b) sum of roc I product of roots = 1
3 The roots of the equation x* + 5r — & = 0 are a and §. Section [ .2
Find the values of: 8
7 3 o
(a) o +p by =+—
o B
4 Given that the roots of 352 — 20 + 1 = D are @ and g, find Section 1.3

1
a quadratic equation whose roots are — and ——.

af o

LTI ANSWERS

M=IT+5T—T ¥

9
—— (q) e (e) ¢
-
V=7-1— 2% (q) D=L+ ()
'E- = ).‘ﬂpl\.l(['r—— - ums {q)

= pnposd ' = ums {e) |

APPROVED

By Ib Elite Tutor at 11:02 pm, Jul 11, 2017
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